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THE PROBLEM F RFDUCING THE FORMULA NFRSCRIBING THE SHAPE

ow th rAme 0 A mAanQ “PDTP“

M.S. Molodenskiy has sucrested a new method of solvine his inte-
gral equation for the density of & simpie laver and has obtained for-
mulae for successive approximaticns of the disturbing potential on the
physical surface of the earth /2/. Two first approximations, as ic
shown in work /1/, are reduced to the sum of the first two terms of a
Taylor-series expansion of the disturbing potential in powers of the
earth relief height, where the vertical gradlentu of the oravity anc-

. malies are calculated accordine to Mumerev's formula., If we assure the
earth's physical surface on which the gravity anomalies are riven %o bhe
a sphere, then the disturbinsz potentiazl, as is known, will be determired
by Stokes' formula. Let us try to obtain this result, using the 'iolo-
denskiy method of successive approvimaticns, and also the method of
transformations by expanding the disturbing potential in 2 Taylor series.

1. Let us find by 4olodensk1V's method the values of the disturbing

: potential on the sphere of radius =a+H, wmere @ is the mean radinus
; of the earth., First of all let us note that with 4 = const Molodenskiv's
: formula coincides with Stokes' formula. However, the interraticn here

is carried out not with respect to the srhere of radius 0 but with

respect to the sphere of radius a. This is exnlained hy the fact that

in deriving the formula for the reneral case, small quantities depend.

ing on H were discarded., Consequently, 1et us proceed from the inte-

gral equation

r
vhere 88 = pravity anomaly;
- V)
r=2sin —;
S 2
Y = angle forrmed by the radius vectors of the siven and current points;
\ ds = syrface element of the unit-radius sphere, density of simple
: layer distributed on the sphere of radivs 0.
i
Introducing the new function
’ 3
1="F.q.
c 3
we have
] ST
%X=&Ag+§ <42
2 2. r
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By means of the small parameter ~= may write

- .- =

n '52 ot 3 "\, " as
27!2/\’. 7_,,=;;;A§’ ;.Esuk /.n";'*

n~0 n~0

where @=@+RH | The series entering into the left and richt parts
of the equntion must be equal for u11 values of £ : therefore the
multipliers with #* in both parts of the equation must be mutually
equal. Thus, we obtain

&

- » .
2“7::"' ij Xni: ==-‘Gn’-
2 r

wvhere

o H?, ~
Gy =Ag, G, = —;Ag, G, ="‘;~5g, Gn>3=0..

Solving these interral equations, we find

G, 3 e
Xn = ';+@S0nf(f)é*',

and also

Xxné—c=~1—50n5(s‘))d=. | (1)
r 4=

where $(§) is the Stckes function. ‘The disturbing pctential deter-
mined by the formula

P r ()

is found, as well as the sudbsidiary function % by successive approxi-
mations, i.e.,

~
T = )_ T,
ne0

vhere each term Tn contuing the heisht ¥ only to the de~ree n. Thus,
taking into consideration expressions (1) and () we ob*ain

R e T W = 1 S Y T I e T T R T A T N W Y Y ST T @ Ry . T TR Ve 61 ey ey - 1t oty

e




B R o S b et ]

Consequentl:

nd SO (3)

Thus, if the anomalies Ag are riven on the srhere, then Molodenskiy's
process of successive approximations leads to StoXes' formula.

2. Let us use the expansion c¢? the disturbing pctential in a Taylor
series

a dig  H¥d*Ag d’] \ @7
DL Yy Lt SR L _. Wils g = H — = - H2
;s\( g ‘ )S(?)( dfl le,

+

(4)

and find the values T at points on the sphere of radius o First
let us obtain auxiliary relations. For this purpose we tak%e into con-
sideration Molodenskiy's interral formula

auU,

R
dp 2=p

= \_od+P

which determines the value of the normal derivative for the harmonic func-
tion U, given on the surface cf the sphere /2/. Aoplying this formula
to the harmonic functions

ar d{ dar '
P, o= .
do d?( )
where
dT 2T
AP 1) (=)
ds Af .

Y
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1A i—1 i-14A ‘ dn-—l Ah
e L (14 ,Ag_—(d ,g)]-——(—m) e
de¢ 2mpJ | 7 ) pd? (6)

(i=1, 2,...)
:dl'-—ng

Presenting the quantity d&'~! in the form of a series expansion in
spherical harmonices and considering that

r-—é: é—z 2/1"\—;' l)(’l";‘l)Pn(l‘?)v

ne0 .

where Pu are Legendre's polynomials of the nth order, after corres-
pondine transformations we obtain

4 Ag Ly [ 4tAS

2 = —— + NDf———=1.

d?l \ (”' it )‘\ a’pl . (7)

‘n=0
Thece relations, and elso
1 _ILTI nofa
s(@) =Y P (R)
ne?

make it possible without particular difficulties to carry cut the inte-
eration indicated in formula (k). Since

. "N Ava f‘
f—gg*\igS(Q/)dc:—'ﬁB {Q“ 3 s (&) ds,
=) dv 4=

then with the help of (7) and (R) we find

‘ A _-Yd‘\ ()d,_.~_\y_.".z-_._’{(_\g+§Z), (0)
| 4= ) d» 4 ? p

| wvhere T is determined by Stokes' formula {2). Tn the same way we find

(1)
4z

—_— T e T e S

i

ds* G p e e

(d‘.s\ (){, __dig A\, 12T (d_\a 43¢ 117)
d> P P’

Differentiatins funstion (3) in the Airection of 0, we have
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e = e TR g T 1n
px P (11)

let us now perform the caleculations according to formula (k). With
the help of expressions (5) and (9) we obtain

_S(g_H.‘“b\()d NI
do -

~.here

. p P

The given result differs from the exgct value
potentiel by the quantity & contsining I'". If in formula (%) with i =
it is assumed p2=a, which corresponds to the czlculation of the vertical
gradient of the gravity anomaly zecording to Nwuzerov's formula, then
instead of formula (0) we obtain

a (ﬁg s(0)d: = — Ag — 37

of the disturting

'5 [ |

and consequently the quantity 00 will not anrear ia the result. Thig
fully anrees with the condition that the tvo first YMlolenskiv anmraxi-
mations consider quantities which contain ¥ only te the first Aecree,
Further, taking into corsideration (17) and /11) we have

L)

e y MIgY A y
- (Ag"Hm s iﬁ?‘)‘ e Sy N E T s
4z ) ar 2 - do 2 d°
vhere

AL R G
P \2 dp ? P

_Pff‘(l ddg - 2\¢ 6?)
Tt is easily unlerstcud that the quantity

Z )
appear in the final result, if in formula (F) with { = " we set ©

In conclusion, let us note that the process of calenmlutisng ncepri-
ing to fermula (k), as well as 'Mlodenskiy's rrocesst of succesaive op
proximaticns, lenlds to aceurnte valuen of the fisturhin: voten

burtine v Lial on

the sphere of ralius 2 if only in the luzt of tha une! ?P“*wiue by
we astune p==a.
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